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The complexity of the subsemigroup lattices of elementary theories

S. M. LuTsAk, M. V. SCHWIDEFSKY

We study the complexity of the structure of the subsemigroup lattice Sub(7k) of the
semigroup of elementary theories of the class K of algebraic structures of a signature o. Let
K(o) denote the class of all algebraic structures of a signature o. Let K C K(o) be closed
with respect to direct products and let A = {Ap | F' € Pyin(w)} € K. We consider the
following properties:

(Tg) Ag is a trivial structure;

(Ty) if Ap = Ag then F = G for any F, G € Pyip(w);

(T2) Ar x Ag = Apug for any F, G € P (w);

(T5) Arp x Ag = Apng for any F, G € Py (w).

Definition 1. If A = {Ap | F' € Pfin(w)} C K satisfies (Ty)-(T1) and (T2) then A is
Tk-class. If A = {Ap | F € Pfin(w)} C K satisfies (Ty)-(T1) and (T5) then A is Ti-class.

Definition 2. For algebraic structures A, B € K let Th(A) « Th(B) = Th(A x B). The
algebra Tk = ({Th(A) | A € K}, *) is a commutative semigroup with unit. We name it the
semigroup of elementary theories of the class K.

Theorem. Let K C K(o) be closed with respect to direct products, and A = {Ap |
F € Ppin(w)} € K be Tk-class or Ty-class, then the lattice [, ., Sub(B,) is embedded
in the lattice Sub(Tk). In particular, the lattice Sub(7k) contains a sublattice which is
isomorphic to the ideal lattice of a free lattice of countable rank, and it is (Q-universal.

Corollary 1. For a signature o let one of the following cases take place:

(1) o contains at least one functional symbol;

(2) o contains at least one at least binary relation symbol;

(3) o is at least countable.

Then the lattice Sub(Tk(,)) contains a sublattice which is isomorphic to the ideal lattice
of a free lattice of countable rank, and it is (Q-universal.

Corollary 2. Let K is one of the following classes of algebraic structures:

(1) the variety of all unars;
2) the quasivariety of all [directed| graphs;
) the variety of all Abelian groups;
) the variety of all differential groupoids;
) the variety of all commutative rings with unit;
) the variety of MV -algebras;
) the variety of modular lattices.

Then the lattice Sub(Tk) contains a sublattice which is isomorphic to the ideal lattice
of a free lattice of countable rank, and it is (Q-universal.

(

(3
(4
(5
(6
(7
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